In this paper, an approximate analytical solution of linear fractional relaxation-oscillation equations in which the fractional derivatives are given in the Caputo sense, is obtained by the optimal homotopy asymptotic method (OHAM). The studied OHAM is based on minimizing the residual error. The results given by OHAM are compared with the exact solutions and the solutions obtained by generalized Taylor matrix method. The reliability and efficiency of the proposed approach are demonstrated in three examples with the aid of the symbolic algebra program Maple.
Introduction
Fractional differential equations (FDEs) have received much interest in recent years as they have been found to be adequate models for certain physical phenomena. For example, the nonlinear oscillation of earthquake can be modelled with fractional derivatives [10] . Applications are also found in psychology [1] , protein dynamics [5] , bioengineering [14] , viscoelastically damped structures [2] amongst others. Most fractional differential equations do not have exact analytic solutions and thus semi-analytical and numerical techniques are required to solve fractional differential equations. Semi-analytical solution techniques for FDEs such as Adomian decomposition method [22, 30] , variational iteration method [3] , operational matrix method [11, 12, 23] , homotopy perturbation method [19, 21, 27, 28] , collocation method [31, 41, 43] , tau method [42] , generalized Taylor matrix method [4] , Optimal Homotopy Analysis Method [17] , and homotopy analysis method [8, 9, 18, 25, 44] have been developed. The homotopy analysis method (HAM), proposed by Liao [32] , is a general analytic approach to get series solutions of various types of nonlinear differential equations. Based on homotopy, which is a basic concept in topology, the validity of the HAM is independent of whether or not there exist small parameters in the considered equation. More importantly, it provides a simple way to adjust and control the convergence of series solution [13] . Moreover, it provides great freedom to choose proper base functions to approximate a nonlinear problem [13] . Therefore, the HAM can overcome the foregoing restrictions and limitations of perturbation techniques so that it provides a possibility to analyze strongly nonlinear problems. A relaxation oscillator is a type of oscillator which is based upon the behavior of a physical system's return to equilibrium after being disturbed [4, 15, 46] . The relaxation-oscillation equation is the primary equation of relaxation and oscillation processes. The standard relaxation equation is [4] du dx
where B denotes E/c, E is the elastic modulus, c the viscosity coefficient, and f (x) denotes E multiplying the strain rete. When f (x) = 0, we have the analytic solution
where C is a constant determined by the initial condition. The standard oscillation equation is given by
where B equals k/m = w, k is stiffness coefficient, m the mass, w the angular frequency. When f (x) = 0, we have the analytical solution
where C and D are constants determined by the initial conditions. The fractional relaxation-oscillation model can be described as
with initial conditions
where B is a positive constant. For 0 < α ≤ 2 this equation is called the fractional relaxation-oscillation equation. When 0 < α ≤ 1 (α being the order of derivative), the model can describe relaxation with power law attenuation. When 1 < α ≤ 2, the model can depict damped oscillation with viscoelastic intrinsic damping of oscillator [4, 24, 26] . This fractional model has been applied in electrical model of the heart, signal processing, modelling cardiac pacemakers, predator-prey system etc. [7, 24, 26, 45] . In this paper, we present a review of the OHAM [16, 34, 35, 37] , and then we apply it to obtain a reliable approximate solution to fractional relaxation-oscillation equations. We examine the efficiency of OHAM by applying it to some examples of the fractional relaxation-oscillation equations.
Fractional Derivative and Integration
In this section we state some definitions and results from the literature which are relevant to our work. We will adopt Caputo's definition for the fractional derivative which is a modification of the Riemann-Liouville definition. This has the advantage of being more appropriate for initial value problems in which the initial conditions are given in terms of the field variables and their integer order which is the case in most physical processes [39] .
Then the Caputo fractional derivative of f of order α is defined as [6, 33, 36] 
we have the following properties [40] •
Basic Ideas of Optimal Homotopy Asymptotic Method
The OHAM was introduced and developed by Marinca et al [16, 29, 37, 38] . This method is a modification of the HAM which is based on minimizing the residual error. In OHAM, the control and adjustment of the convergence region are provided in a convenient way. To illustrate the basic ideas of optimal homotopy asymptotic method, consider the following nonlinear differential equation
with the boundary conditions
where A is a differential operator, B is a boundary operator, u(x) is unknown function, Ω is the problem domain, and g(x) is a known analytic function. The operator A can be decomposed as
where L is a linear operator and N is a nonlinear operator. According to OHAM, one can construct an optimal homotopy φ(x; p) :
where p ∈ [0, 1] is an embedding parameter, H(p) is a nonzero auxiliary function for p ̸ = 0, and H(0) = 0. when p = 0 and p = 1, we have φ(x; 0) = u 0 (x) and φ(x; 1) = u(x), respectively. Thus as p varies from 0 to 1, the solution φ(x; p) approaches from u 0 (x) to u(x), where u 0 (x) = φ(x; 0) is obtained from the homotopy (3.4) and the boundary conditions given in Eq. (3.3) when p = 0.
The auxiliary function H(p) is chosen in the form
To obtain an approximate solution, φ(
Substituting Eq. (3.7) in Eq. (3.4) and equating the coefficient of like powers of p, then the zeroth order problem is obtained as given in Eq. (3.5). The first and second order problems are given by
and hence, the general governing equations for u j (x) are given by 10) where
. .)) in series with respect to the embedding parameter p,
where φ(x; p,C 1 ,C 2 ,C 3 , . . .) is given in Eq. (3.7). It should be emphasized that u j for j ≥ 0 are governed by the linear equations with linear boundary conditions that come from the original problem, which can be easily solved. It is observed that the convergence of the series given in Eq. (3.7) depends upon the auxiliary constants
Generally, the solution of Eq. (3.2) can be determined approximately in the form
Substituting Eq. (3.13) in Eq. (3.2), we get the following expression for the residual error
If R(x;C i ) = 0, then u m (x;C i ) is the exact solution. Usually, such case does not arise for nonlinear problems, but we can minimize the functional
where the values a and b depend on the given problem. The unknown convergence control parameters C i (i = 1, 2, · · · , m) can be optimally identified from the conditions
It is interesting to point out that when these constants are determined, then the mth order approximate solution given by Eq.(3.13) will be constructed.
Numerical experiments
In this section, three examples are presented to illustrate the effectiveness of the OHAM for solving the fractional relaxation-oscillation equation.
Example 4.1. Let us consider the fractional relaxation-oscillation equation [4, 31, 40] 
The exact solution is given as 
Applying the operator J α to both sides of (4.22) - (4.25) and using the initial conditions given in Eq. (4.18) , we obtain u 0 (x) = 1, (4.26) 
Applying the operator J α to both sides of the above linear fractional differential equations and using the initial condition given in Eq. (4.34) , we obtain u 0 (x) = 1, (4.43) Table 2 . It is to be noted that only the fourth-order approximate solution were used in evaluating the OHAM approximate solution for the results presented in Table 2 and Fig. 2 . From the numerical results shown in Fig. 2 and The exact solution of this problem is given as u(x) = x α E α,α+1 (x α ). Using Eq. (3.4) , we can construct the following homotopy 
Adding up the solution components (4.43), (4.44), (4.45), (4.46) and (4.47), the fourth-order approximate solution obtained by OHAM, for p
and so on. From Eq. (3.13) , the fourth order approximate solution can be obtained by using the formula
The optimal values of the convergence control constants C Table 3 . From the numerical results shown in Fig. 3 , Fig. 4 and 
Conclusion
In this paper, we have used the OHAM to find approximate analytic solution to fractional relaxation-oscillation equations. The obtained results suggest that the OHAM could be useful, reliable and effective tool in solving fractional differential equations. The OHAM also provides us with a very simple way to control and adjust the convergence of the series solution using the auxiliary constants C i s which are optimally determined. Furthermore, by using different forms of the auxiliary function, more accuracy can be obtained.
